I present some applications of geometric flows in string theory and gravity. In some circumstances time evolution in string theory can be approximately identified with Ricci-flow parametric evolution of spatial sections. In four dimensions, homogeneous, self-dual, gravitational instantons of general relativity evolve in time exactly as geometric flows of homogeneous three-manifolds. For non-relativistic versions of gravity, this property persists in any dimension, under the assumption of detailed-balance condition.
Introduction
. Meanwhile, many applications have been found in physics, particularly in subjects related to gravity. The aim of the present notes is to overview some of these applications. I will discuss the issue of time dependence in string theory, as well as an intriguing relation between geometric flows of three-dimensional homogeneous spaces and four-dimensional self-dual gravitational instantons of general relativity. Finally, I will make a little detour in non-relativistic theories of gravity, where the filiation of geometric flows with gravitational instantons holds in any dimension, under certain conditions that will be made precise in due time. By lack of space, this exhibition is neither complete nor exhaustive. It leaves aside several interesting subjects such as tachyon condensation, black-hole physics or D-branes, where Ricci flows have occasionally appeared.
A glance on geometric flows

Generalities
Geometric flows describe an irreversible parametric evolution of the metric on a Riemannian manifold, under a general non-linear parabolic equation, given a symmetric tensor S ij [g] :
A plethora of flows have been investigated based on various tensors and leading to diverse behaviours. The Ricci flow corresponds to the choice S ij = −R ij . For this flow, the volume is not preserved:
As a consequence, positive curvature induces contraction, whereas negative curvature leads to expansion. A noticeable feature of the Ricci flow is that it preserves Killing vectors: the isometry group can only grow or remain unaltered. Many other interesting properties and relations to its original goal can be found in [2] .
Three-dimensional homogeneous spaces
Ricci flows turned particularly useful in three dimensions, where Poincaré and Thurston's conjectures were originally formulated. The homogeneous three-manifolds played a distinguished rôle in that respect, and were extensively analysed, mostly with asymptotic methods (see e.g. [3] ).
Homogeneous manifolds admit a group G acting transitively. In three dimensions, the classification of these spaces is straightforward (see e.g. [4] ), especially when the action of G is simply transitive. In this case dim G = 3, the group is of Bianchi type, and there are three linearly independent Killing vectors, tangent to M 3 , satisfying
where c i jk are the structure constants 1 . The latter also appear in the Cartan structure equations for the left-invariant Cartan-Maurer forms σ i :
The most general invariant metric on M 3 is of the form
where γ ij are coordinate-independent. For unimodular Bianchi groups, it can always be chosen diagonal. (2) , when the γs are all equal. This latter case corresponds to the round sphere.
Ricci flow on the three-sphere
As was noticed in [5] , and further exploited in [6] , the Ricci-flow equations for this metric, when the γ i s depend on a flow parameter t, are the Darboux-Halphen system studied in the nineteenth century:
Here I have traded γ i for Ω i = γ j γ k , and the dot stands
In the fully anisotropic case, this system is integrable using quasi-modular forms [7, 8] . As shown in [6] , for finite positive initial conditions, the flow remains positive with universal late-time 
Sigma-models, renormalization-group flows and cosmology
String propagation in arbitrary backgrounds is described in terms of a non-linear sigmamodel. Generally, the latter is not scale-invariant, and the background fields flow according to the renormalization-group two-dimensional mass scale µ:
and similarly for other background fields, where the beta-functions are determined order by order in α ′ . When the background is metric only, the worldsheet action reads:
and consequently [9] 
Introducing the renormalization-group time t = − ln µ, the renormalization-group evolution is a Ricci flow with past corresponding to the ultra-violet and future to the infrared.
Fixed points of the Ricci flow correspond to two-dimensional conformal field theories.
The original aim of string cosmology is to settle time-dependent string backgrounds, i.e.
solve the equations β = 0 with background fields like g MN depending on the sigma-model time-like coordinate x 0 . This is not an easy task, in general, because (i) string theory does not allow for arbitrary matter, (ii) around the Big-Bang, high curvature requires exact (in α ′ )
solutions, and (iii) after the inflation era, the dilaton potential calls for higher-g s corrections.
An alternative approach to critical string theory on genuine spacetime backgrounds is the renormalization-group-flowing string on purely space-like environments. Indeed, offcriticality generates a Liouville mode that may eventually play the rôle of time coordinate
in the sigma-model [10, 11] . This suggests that renormalization-group evolution of a purely space-like background may resemble time evolution. Hence, Ricci flow could mimic cosmological evolution with fixed points being steady-state universes.
These ideas, although appealing, are not a priori justified. Indeed, at the technical level, renormalization-group flow equations are first-order in time:
whereas genuine evolution is second-order:
and similarly for the other background fields (greek indices are spacetime and latin purely spatial). Thus, the identification of the renormalization-group time with genuine time cannot hold exactly.
The above problem was originally discussed in [12] . The general analysis was presented in [13] , where it was shown that the dissipative nature of the dilaton helps transforming second-order equations into first-order, as a consequence of friction. I can illustrate this in the example of three-spheres discussed in Sec. 2.3. Consider a sigma-model where, besides some internal conformal field theory, there is a three-dimensional Bianchi IX target space.
The renormalization-group flow for the latter is the Ricci flow discussed in Sec. 2.3. In the simplest, isotropic, situation where γ i (t) = exp 2σ(t) ∀i, Eqs. (4) read:
where the prime stands for d /dt. The target-space of this sigma-model can be promoted to a genuine spacetime with metric
An extra worldsheet field, t, is introduced and, in order to maintain criticality, a timedependent dilaton Φ(t) must also be added. Requiring that beta-functions vanish (Eq. (5)), leads to second-order equations:
where Q ≡ −Φ ′ + 3 2 σ ′ . The field Q plays the rôle of a friction force, which dominates in the vicinity of the fixed point 3 . In this regime, Eqs. (6) and (7) become equivalent, as advertised.
Gravitational instantons and geometric flows
Gravitational instantons are non-singular, finite-action solutions of Einstein's equations in vacuum or with a cosmological constant. They have been thoroughly studied in the past with, among others, the aim to be used in the description of quantum-gravity transitions (see e.g. [14] for a review and references). Solving Einstein's equations is a hard problem, unless some specific mini-superspace ansatz is made. It is often assumed, for instance, that (i) the four-dimensional space M 4 is topologically R × M 3 , (ii) the spatial sections of the foliation M 3 are homogeneous of Bianchi type G, and (iii) the curvature two-form is selfdual (anti-self-duality is reached upon parity or time reversal). The latter assumption is inspired from the self-dual Yang-Mills reductions and automatically ensures Ricci flatness.
With the above assumptions at hand, one can take
where the σ i s are the Cartan-Maurer invariant forms introduced in Sec. 2.2. Adapting the splitting SU(2) sd × SU(2) asd (self-dual and anti-self-dual factors) of the SO(4) group acting on the tangent space, to the slicing of M 4 into the homogeneous space M 3 and the orthogonal direction t, the curvature two-form can be reduced as:
The self-dual part of the curvature S i is a vector of SU (2) sd and a singlet under SU(2) asd and vice-versa for the anti-self-dual piece A i . In terms of the corresponding Levi-Civita connection, reduced as
the curvature reads:
Self-dual gravitational instantons are obtained by imposing A i = 0, which is solved by any flat connection A i . The classification of self-dual gravitational instantons amounts therefore to finding all possible flat SU(2) connections over G. Setting
the equation A i = 0 reads:
which has as many inequivalent solutions as algebra homomorphisms G → SU(2) [15, 16] . For each solution λ ij , Eqs. (9) provide a different set of first-order equations 4 that can be solved to deliver distinct classes of instantons.
The above procedure can be successfully applied to all Bianchi classes and allows to obtain various Ricci-flat gravitational instantons. In the case of Bianchi IX, for instance, the two non-equivalent homomorphisms (the trivial one and the isomorphism) lead respectively to two sets of equations. For a diagonal metric ansatz g ij = γ i γ j δ ij , these sets are respectively the Lagrange system (Ω i = γ j γ k as previously)
describing the Euler top, and the Darboux-Halphen system met in Eqs. (3). The Lagrange system leads to the Eguchi-Hanson [18] and Belinsky et al solutions [19] , whereas the DarbouxHalphen solutions are the Taub-NUT [20] and the Atiyah-Hitchin instantons [21] .
The appearance of the S 3 Ricci-flow equations (3), as equations describing the Euclideantime evolution inside a gravitational instanton foliated with three-spheres is not a coincidence. One can show [15] that it holds for all unimodular (class A) Bianchi groups. More generally, one shows that, under the previous assumptions of homogeneous foliation, equations (9) and (10) for the metric (8) are geometric-flow equations on M 3 , where the flow is driven by a combination of the Ricci tensor and a bilinear of a non-flowing SU(2) Yang-Mills 4 The λ ij 's appear in fact as first integrals of the original second-order equations A i = 0 (see for instance [17] for a more complete overview). The reader might be puzzled at this stage by the fact that, barring global issues, if A i = 0, one can always find an SU(2) asd local transformation such that the connection A i vanishes in the rotated frame. Such a transformation spoils, however, the invariant nature of the original frame. Our viewpoint here is to keep this frame and search for flat anti-self-dual parts in the connection.
flat gauge connection a i over the Bianchi group G:
The relation between g ij (in (8)) and γ ij (in (2)) is as follows:
where K kℓ is an appropriately chosen invertible tensor. For Bianchi IX, e.g., K kℓ is the CartanKilling metric 5 .
Concluding remarks and extensions
Geometric flows appear in a variety of physical problems related to gravity and string theory.
In string theory, Ricci or other geometric flows describe the renormalization-group evolution on the worldsheet theory and can, in some regimes where the dilaton is time-dependent, Geometric flows, i.e. first-order equations, do also describe some gravitational instantons in the non-relativistic theories of gravity [22, 23] . The framework provided by the latter is very different from the situations described previously. Indeed, in these theories, the diffeomorphism invariance is explicitly broken down to the foliation-preserving transformations, whereas this breaking is spontaneous in the example I presented in general relativity. In the theory of non-relativistic gravity at hand, we do not impose any self-duality condition on the solution but instead a detailed-balance condition at the level of the potential of the the- 5 The relationship among gravitational-instanton dynamics and geometric flows, holds in the present homogeneous-space framework as a consequence of a remarkable identity for the curvatures: 
where κ is Newton's constant in four dimensions, and λ measures the deviation from the relativistic situation (λ = 1) in the kinetic term. At each flow line, under some regularity conditions (finiteness of the action), corresponds a gravitational instanton (details on the flows and on their interpretation as gravitational instantons are available in [24] ).
